Pensieve header: The free-Lie meta-crossed-product structure, lazy evaluation version.

SetDirectory["C: \\drorbn\\Academn cPensi eve\\2012-07"1];
<< "../Projects/FreelLie/FreeLi eLE. '

Random[d_, m, n_] := Mdul e[{bas},
bas = Al | LyndonWords[{d}, Characters[StringTake["1234567890", m]]1;
Al
MakeCWser i es [Randonl nt eger [{-2, 2}, Length[bas]].bas /. LW- CW,
Sumlh[j ] MakeLi eSeri es [Random nteger [{-2, 2}, Length[bas]].bas], {j, n}]
1
1
hL[X_] := Union[Cases[A, h[s_] =» s, Infinity]];
Alw_, p_1[d_1 = X[w[d], u /. s_LieSeries » s[d]];
Afwl_, pl 1 = A[w2_, p2_] :=
wl = w2 & (And ee ((D[ul, h[#]] = D[u2, h[#]]) & /@ hL[{ul, u2}1));
LieDerivation[der_][A[w_, u_]] := A[w // der, Collect([u, _h, derli;
Li eMor phi sm[nor _] [A[w_, u_]1] := Alw // nor, Collect [y, _h, noril;

{Random[1, 3, 3], Random[3, 3, 3]}

(A[OWB[CW[1] - CW[2] + CW[3], 0, 0], h[1] LS[-2 (1) -2 (3), 0, 0] +
h[2] LS[-2(1)+2(2)+2(3), 0, 0] +h[3]LS[-2(1)-(2)+2(3), 0, 077,
A[CMB[CWM1] -CW 2] +2CW3], -CW13] - CWM23],
20W112] -2 CWM113] + 2 OW122] - CW[123] - 2 CW[132] + CW[133] + CW[223] ],
h[1] LS[-2 (1) + (2), 2(12) +2 (13) -2 (23), 2 (112) - (113) + (122) - (123) +
2 (132) + (133) + (223)] +h[2] LS[- (1) + (3), —(12) + (13) + (23},
(112 -2 (113) + (122) -2 (123) -2 (132) + 2 (133) + (233)] + h[3]
LS[- (1) -2 (2) +(3), 2(12) +2(23), -2 (112) + (113) + (122) + (133) - (223) - (233)]]}

tmix_, y_, z_1[Alw_, u_1] := Alw, wu] // LieMrphism[{{X) > <(z), (Yy) = (Z)}];
hmix_, y_, z_][A[w_, pu_1]1 := A[lw, Plus]
u /. {h[x]1 >0, h[y] -0},
h[z] BCH[D[x, h[x]1, D[w, h[y]ll]
115
hta(x_, y_, z_1[x[w_, #_1] 1= A[0,
Col | ect [u, _h,
St abl eAppl y [
Li eMor phi sm[{LW[y] - Ad[Scal eLieSeries[-1, D[y, h[x]11]1[LWz]11}], #] &
1
I
hta[x_, y_1[A[w_, u_11 := Mdule[{nor, O, wuO0},
{wO0, w0} = List ee hta[x, y, LW["2"]1] [Aw, u]l];
nor = Li eMor phi sm[{LW["2"] - LWYy]1}1;
A[w0, Col |l ect [0, _h, nori]
1
dm[x_, y_, z_1[x_]1 := x // htal[y, x] // tm[x, y, z] // hm[x, y, z];
Rp[X_, y_1 := A[0, h[y] MakeLi eSeries[(Xx)11;
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Testing tm

n = $Seri esShowDegr ee = $Seri esConpar eDegree = 3;
Print /@ {20 = Randomx[n, 4, 1],

20 /7 tm[l, 2, 2],

20 /7 tm[2, 3, 37,

tl =20 // tm[l, 2, 21 // tm[2, 3, 31,

t2 = 20 // tm[2, 3, 31 // tm[l, 3, 37,

tl=t2

1N

A[CWB[CW2] + 2 CW[3] + OW4], 2CW12] + 2 CW14] - 2 CW[23] - CW[24] + 2 CW[34],
~OW[112] - CW[122] + 2 CW[123] + 2 CW[133] + 2 CW[134] + 2 CW[142] + CW[143] -
2 CW[144] - OW[223] + OW[224] - 2 CW[233] - 2 CW[243] - 2 CW[244] - 2 CW[344] ],
h[1]LS[-2 (2) - (3) - (4), -2 (12) +2 (13) -2 (14) -2 (23) + (24) + (34),
2 (112) - (113) - (114) -2 (122) - (123) -2 (124) + 2 (132) -2 (133) -2 (134) + 2 (142) +
(1435 + (144 +2 (223) +2 (224) + (233) ~ 2 (234) + 2 (243) -2 (244) 2 (334) - (344)]]

A[CWB[CW[2] + 2 CW[3] + OW4], 2 CW22] - 2 CW[23] + CW[24] + 2 CW[34],
_20W222] + CW[223] + 3 CW[224] + 2 CW[234] - CW[243] - 4 CW[244] - 2 CW[344] ],
h[1]LS[-2(2) - (3) - (4), -(24) + (34),
12 (223) -3 (224) - (233) - 4 (234) + 3 (243) - (244) — 2 (334) - (344)] ]

A[CWS[3CW3] + CWM4], 2CWM13] + 2 OW[14] - 2 CW[33] + CW[34],
~CW113] + 3CW[133] + 2 CW[134] + 3CW143] - 2 CW[144] - 3 CW[333] - CW[334] - 4 CW[344] ],
h{1] LS[-3 (3) - (4), -2 (14) +2 (34),
(113) - (114 —2 (133) ~ 4 (134) + 3 (143) + (144) — 4 (334) -3 (344)]]
A[CWB[3 CW3] + CW4], 3CW34], -CW333] +4 CW334] - 6 CW344]],
h[l] LS[-3(3) -(4), 0, -12(334) -2 (344)]]

A[CWS[3 CW3] + CW4], 3CW34], -CW333] +4CW334] -6 CW344]],
h[1] LS[-3<(3) -4y, 0, -12(334) -2 (344)]]

True
tl =20 // tm[1, 2, 2] // tm[2, 3, 3] // |nputForm
A[ Li eSeri es[ Li eMor phi smOnLi eSeri es$110], h[1] *Li eSeri es[ Li eMor phi snOnLi eSeri es$112] ]

Testing hm

Print /@ {x0 = Random\[4, 2, 31,
20 // hm[1, 2, 27,
tl =20 // hm1, 2, 21 // hm[2, 3, 31,
t2 = 20 /7 hm[2, 3, 31 7/ hm[i, 3, 31,
tl=t2
Y
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A[CWB[CW1] + CW[2], CW12], CW[112] + CW[122]], h[1] LS[2 (1) + (2), (12), (112) +2 (122)] +

h[2] LS[-2 (1) +2 (2), (12), 2(112%] +h[3]LS[-(1) - (2), 0, 0]]

A[CWB[CW1] + CW2], CWM12], CW[112] + CW[122]],
h[2] LS[3 (2), 5(12), 7 (112) +3 (122)] + h[3] LS[- (1) - (2), 0, 0]]

/\{C\I\S[C\N[l] L OWM2], CW[12], CW112] + CW[122]],

13 (12) 39 (112) (122) H

h[3] LS|~ (1) +2(2), . ,

A{C\/\S[cvwl] L OWM2], CW[12], CW112] + CW122] ],
13 (12) 39 (112) <122>H

h[3]LS|- (1) +2(2), i ,

True

Testing hta

n = $Seri esShowDegr ee = $Seri esConpar eDegree = 4;
Print /@ {20 = RandomA[3, 2, 2], A0 // hta[l, 11};
A[CWS[2 CW[1], -CW12], -2 CW122], 0],
h{1]LS[(2), (12), (112) -2 (122), 0] +h[2] LS[-2 (1) -2 (2), (12), -(122), 0]]
5 (1222)
A[o, h(1] Ls[<2>, (12), (112) -3 (122), -2 (1122) + —— |+
11 (1222)
h(2] Ls{-2<1>-2<2>, 3(12), 2 (112) - 3 (122), 2<1112>—8<1122>+4H

Print /@ {A0 = Random[n, 3, 2],
tl= 20 // hta[l, 1] // hta[l, 21 // tm[1, 2, 1],
t2=20 // tm[l, 2, 1] // hta[l, 11,
tl=t2
}:
A[CWB[-2CW1] -2CW2] -2CW3], CW13] +2 CW 23],
2C0M112] +2 CW113] + 2 CW[122] + 2 CW[132] + 2 CW[133] - CW[233],
CW[1112] + CW[1113] + CW[1122] + CW[1123] + 2 CW[1132] - CW[1133] - CW[1222] - 2 CW[1223] -
CW[1232] + CW[1322] - CW[1323] + 2 CW[1332] - 2 CW[1333] + 2 CW[2233] + 2 CW[2333] ],
h[1] LS[-2 (1) +2 (2) -2(3), -2 (12) -2 (13},
2 (112) -2 (113) +2 (122) - 2 (123) + 2 (132) + (133) - (223} + (233},
-2 (1112) +2 ¢(1113) - (1123) + (1133) + 2 (1213} - 2 (1222) + (1223) - 2 (1232} -
(1233) - (1322) -2 (1323) + 2 (1332 - 2 (1333) + 2 (2223) - (2233) + (2333)] +
h[2] LS[(2) + (3), -2 (12) -2 (13) - (23, 2(112) -2 (113) + 2 (123) - (133) +
2 (223) + (233), (1112) - (1132) + (1133) -2 (1213) + 2 (1222% - (1223} -
2 (1232) +2 (1233) -2 (1322 +2 (1323) + (1332) - 2 (1333) - 2 (2223} + (2233)]]

A[o, h[1] LS[-2 (3), -2 (13), -7 (113) -2 (133), 5 (1113) - 21 (1133) - (1333)] +
20 (1333)
hi2] Ls{<1> +(3Y, —(13), 4 (113) -4 (133), 5(1113) +5 (1133) - 7H

A[o, h[1]LS[-2 (3), -2 (13), -7 (113) -2 (133), 5 (1113) - 21 (1133) - (1333)] +
20 (1333)
hi2] Ls[<1> +(3), —(13), 4 (113) -4 (133), 5(1113) +5 (1133) - 7H

0=0
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n = $Seri esShowDegr ee = $Seri esConpar eDegree = 4;
Print /@ {A0 = Randomx[n, 2, 3],
tl= 20 // hta[l, 1] // hta[2, 11 // hm[1, 2, 1],
t2 =20 // hml, 2, 1] // htaf[l, 11,
tl=t2

1
A[CWS[-CW[1] - OWM2], -2 CW[12], 2 CW[112] - CW[122], CW[1112] +2 CW[1122] - CW[1222]],

h[1]LS[2 (2), - (12}, —(112) +2 (1225, (1122) -2 (1222)] +
h[2] LS[-2 (1) - (2, 2 (12), - (112) - (122), (1122 +2 (1222)] +
h[3]LS[-2 (1) - (2), —(12), -(112) - (122), -(1112) - (1122) - (1222}]]
5(¢1112) 32 (1122) (1222)
A[o, h[3}LS[72<1>7<2>, (125, 7 (112) - (122}, - - %
3 3 6
17 (112) 11 (122) 4(1112) 39 (1122) 53 (1222)
h[l]LS{72<l>+<2>, 5 (12), - , - N H
3 2 3 2 12
17 (112) 11 (¢122) 4 (1112) 39 (1122) 53 (1222)
/\[o, h[l}LS[—2<1>+<2>, 5 (12), - , - . ]+
3 2 3 2 12
5(1112) 32 (1122) (1222)
h[3]LS{72<1>7<2>, (12), 7 (112) - (1225, - - H
3 3 6
0=0
Testing dm

$Seri esShowDegr ee = 3;

$Seri esConpar eDegree = n = 6;

Tim ng[Print /@ {A0 = Random[n, 4, 4],
t1 =20 // dm[1, 2, 11 /7 dm[1, 3, 11,
t2 = 20 // dm[2, 3, 2] // dm[1, 2, 1],
tl=t2
1]
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A[CWB[CW[1] + CW2] -2 CW[3] + CW[4], -2 CW12] -2 CW[14] - CW[23] + 2 CW[24] + 2 CW[34],
20M112] -2 CW113] -2 CW[122] + 2 CW[132] - 2 CW[134] + 2 CW[142] -
2 0OM143] -2 COW144] - OW[224] + OW[234] - OW[243] + OW[244] + 2 CW[344] ],
h[1]LS[-2 (1) -2 (2) + (4), -2 (12) + (13) -2 (14) - (23) - 2 (34),
22 (113) + 2 (114) - 2 (123) + 2 (124) - (132) + 2 (133) + (134) + (142) -
(1435 + (144 +2 (223) - (224) + (243) + (244) + (334) + (344)] +
h[2]LS[-2 (1) +2(2) —2(3) +2(4), (12) -2 (13) +2 (14) +2 (23) - (24) - (34),
(122 ~2 (123) -2 (124) + (132) -2 (133) + 2 (142) + (144) + (223) - (224) + 2 (233) -
2 (243) +2 (244) + (334) + (344%] + h[3] LS[-2 (1) -2 (4), (12) + (13) + (14) -2 (24),
S(112) +2 (114) + 2 (122) -2 (123) + 2 (124) + 2 (133) - 2 (134) - 2 (142) + (143) +
(144 +2 (223 ~2 (224) +2 (233) + 2 (234) - (243) - (244) 2 (334) - (344)] +
h[4] LS[2 (1) - (2) +2(3) - (4), 2 (12) + (13) +2 (14) + (23) - 2 (24) + (34),
2 (112) + (114) + (1225 + (123) + 2 (1245 + 2 (132) + (133) + (142) + (143) +
2 (223) +2 (224) + (233) -2 (234) + 2 (243) + 2 (244) + 2 (334) + (344)]]

A[o, h[4] LS[3 (1) - (4), -(14), -10 (114) - 3 (144)] +
19 <144>H

x{o, h[4]LS[3 (1) - (4), - (14), -10 (114) - 3 (144)] +
19 (144) H

hi1] LS[78<1>+<4>, (14, 19 (114) -

hil] LS{—8<1>+<4>, (145, 19 (114) -

0=0
{4.244, Nul |}
Al =20 /. h[l]s_LieSeries =» h[1] Scal eLi eSeries[t, s]

A[CWS[CW[1] -2 CW2] + OM3] - OW[4], -CW[13] + 2 CW[14] + 2 CW[23] + 2 CW[24] + 2 CW[34],
200M112] -2 OW114] - 2 CW[122] - CW[123] + CW[124] - CW[132] -
OW133] -2 OW[134] + 2 CW[142] + 2 CW[143] + 2 CW[144] - 2 CW[223] -
2 OW224] - OW[233] - 2 OW[234] + OW[244] - OW[334] + 2 CW[344] ],
h[2] LS[(1) - (2) = (3) -2 (4), 2(12) +2 (13) +2 (14) + (23) + (24) - 2 (34),
“(113) - (114) - (123) + 2 (124) - (133) - (134) + 2 (142) — 2 (143) + (223) +
(224 ~2 (234) +2 (243) + (334) ~2 (344)] + h[3] LS[2 (1) -2 (2) + (4),
2 (12) - (13) -2 (23) + (24), - (112) - (113) - 2 (114) + (122) -2 (123) - 2 (124) +
2 (132) + (142) + 2 (223) —2 (224) -2 (233) + 2 (234) — 2 (244) + 2 (334) + (344)] +
h[4] LS[(1) +2(2) +2 (3), (12) + (23) + (34), - (114) - (122) -2 (123) + (132) -
(134 - (142 —2 (143) + (144) + (223) + 2 (224) + 2 (233) —2 (234) + (243) - (334)] +
h{1]LS[2t (1) +t (2) —t (3), —2t (13) +t (14) —t (24) + 2t (34),
S2t (112) +2t (113) —t (122) -2t (123) +t (124) -2t (132) + 2t (133) + 2t (134) -
t (142) —2t (144) + 2t (223) —t (224) —t (233) -2t (234) +t (243) +t (244) + 2t (344)]]
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tl1=21 // hta[l, 1]

A0, h[2]LS[(1) -(2) -(3)-2<4),
3 (1) +2(12) +2 (13) +2 (14) -3 (2) + (23) + (24) -3 (3) -2 (34) - 6 (4),
9 (1) - (113) - (114) + 8 (12) - (123) + 2 (124) + 8 (13) - (133) - (134) + 8 (14) +
2 (142) ~2 (143) — 9 (2) + (223) + (224) + 4 (23) -2 (234) +
4 (24 +2 (243) -9 (3) + (334) -8 (34) -2 (344) - 18 (4)] +
h[3] LS[2 (1) -2 (2) +(4), 6 (1) +2 (12) - (13) -6 (2) -2 (23) + (24) +3 (4), 18 (1) - (112) -
(113) -2 (114) + 8 (12) + (122) -2 (123) -2 (124) - 4 (13) + 2 (132) + (142) - 18 (2) +
2 (223) -2 (224) -8 (23) -2 (233) +2 (234) + 4 (24) -2 (244) + 2 (334) + (344) + 9 (4)] +
h[4] LS[(1) +2 (2) +2(3), 3 (1) +(12) +6 (2) +(23) +6 (3) + (34),
9 (1) - (114) +4 (12) - (122) -2 (123) + (132) - (134) - (142) - 2 (143) + (144) +
18 (2) + (223 +2 (224) + 4 (23) + 2 (233) — 2 (234) + (243) + 18 (3) - (334) + 4 (34)] +
h[1] LS[2t (1) +t (2) -t (3), 6t (1) -2t (13) +t (14) +3t (2) -t (24) -3t (3) + 2t (34),
181t (1) -2t (112) +2t (113) -t (122) -2t (123) +t (124) -8t (13) -2t (132) +
2t (133) +2t (134) +4t (14) —t (142) -2t (144) + 9t (2) + 2t (223) -t (224) -
t (233) -2t (234) ~4t (24) +t (243) +t (244) -9t (3) + 8t (34) +21t (344)]]

Clear [t2, t3];
t2[d_]1 :=tl /. s_LieSeries = D[s[d], t];
px =D[t1[[2]], h[1]];
der = LieDerivation[{LW1] - b[Scal eLieSeries[1/t, ux], LW1]11}1;
t3 = A
t1[[111 // der,
(t1rr211 /. {h[1]1 -0, s_LieSeries > der[s]}) +
h[1] (Scal eLieSeries[1/t, ux] + (ux // der))
1:
{ux, t2[1], t3[1]}
{(LS[2t (1) +t (2) -t (3), 6t (1) -2t (13) +t (14) +3t (2) -t (24) -3t (3) +2t (34),
18t (1) -2t (112) +2t (113) -t (122) -2t (123) +t (124) -8t (13) -2t (132) +
2t (133) + 2t (134) +41t (14) -t (142) -2t (144) + 9t (2) +21t (223) -t (224) -
t (233) -2t (234) -4t (24) +t (243) +t (244) -9t (3) +81t (34) +2t (344)],
A0, h[1] (2(1) +(2)-¢3)) ], A[0, h[1] (2(1) +(2)-<(3))1}

n=2;, Print /@ {t2[n], t3[n], t2[n] ==t3[n]};
A0, h[1] (6 (1) -2 (13) +(14) +3(2) -(24) -3 (3) +2(34))]

A[0, h[2] (-4(12) +4 (13)) +h[4] (-4 (12) +4 (13)) +h[3] (-8 (12) +8(13)) +
h[l] (6 (1) -8t (12) -2 (13) +8¢t (13) + (14) +3 (2) - (24) -3 (3) +2(34)) ]

A[0, h[1] (6 (1) -2(13) +(14) +3 (2) - (24) -3 (3) +2(34))] ==

A[0, h[2] (-4(12) +4 (13)) +h[4] (-4 (12) +4 (13)) +h[3] (-8 (12) +8(13)) +
hil] (6 (1) -8t (12) -2(¢13) +8t (13) + (14) +3(2) -(24) -3 (3) +2 (34))]
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n=3; t2[n] ==t3[n]

AL0, h[1] (18 (1) -2 (112) + 2 (113) - (122) -2 (123) + (124) -
8 (13) -2 (132) +2 (133) +2 (134) + 4 (14) - (142) —2 (144) + 9 (2) + 2 (223) -
(224 - (233) —2 (234) — 4 (24) + (243 + (244) -9 (3) + 8 (34) + 2 (344))] ==
[0, h[3] (52 (113) - 26 (114) - 78 (12) - 10 (122) + 5 (123) +
26 (124) + 78 (13) + 15 (132) -5 (133) - 52 (134)) +
h[4] (26 (113) - 13 (114) -39 (12) -5 (122) + 13 (124) + 39 (13) + 5 (132) - 26 (134)) +
h[2] (26 (113) - 13 (114) -39 (12) - 10 (122) - 10 (123) +
3 (124) +39 (13) + 10 (133) - 16 (134) - 10 (142) + 10 (143)) +
h[1] (18 (1) -2 (112) +2 (113) + 52t (113) - 26t (114) - 781 (12) - (122) - 2 (123) +
10t (123) + (124) +21t (124) -8 (13) + 781t (13) -2 (132) + 10t (132) + 2 (133) -
10t (133) +2 (134) 47t (134) + 4 (14) - (142) -5t (142) +5t (143) -2 (144) + 9 (2) +
2 (223) - (2245 - (233) ~2 (234) — 4 (24) + (243) + (244 ~ 9 (3) + 8 (34) + 2 (344)) ]

Table[t2[n] ==t3[n], {n, 6}]

A very large output was generated. Here is a sample of it:

{True, <<4>,

A[0, h[l1] (702 (1) -2 (¢111112) -2 (¢111114) -7 (11112) +2 (111122) + (111123) - (111124) +
7 (11113) +2 (111133) + (111134) -7 (11114 - (111142 - (111143) + «<1147> +
(333444 + 14 (33434 + (334344 + 54 (3344 -2 (334434 - 14 (33444 + 2 (334444 +
350 (34) + 14 (34344 ) + 152 (344) - 27 (3444 -2 (344444%)] == 1[0, «<1>]}

Show Less || Show More [ Show Full Output || Set Size Limit...




